
 

 

 

 

 

ABSTRACT: Differential equations appear 

frequently in mathematical models that effort to 

describe real –life situations. These equations are 

important because of their wide range of 

applications. A first-order, first-degree differential 

equation is a mathematical expression that 

involves a function and its first derivative, with no 

higher-order derivatives present. This paper 

explains Linear Differential Equations and its 

Properties of the Solution with Applications. One 

of the most obvious features common to both of 

these equations is that their right-hand sides are 

linear functions. Now, in many real-world 

situations the response of a system to an influence 

is well approximated by a linear function of that 

influence. This study focuses on the basic 

characteristics of Linear differential equations, 

Properties of the Solution of Linear Homogeneous 

Differential Equation and Applications of Linear 

Differential Equation. Finally, the study looks 

forward to the development direction of 

differential equations in future, aiming to provide 

theoretical references and practical guidance for 

related studies. 

 

KEYWORDS: Differential Equation, Properties, 

mathematical models, Applications, first-order 

and first-degree.  

 

I. Linear differential equations 

Differential equations appear frequently in 

mathematical models that effort to describe 

real –life situations. The topic of differential 

equations is an extremely important one in 

mathematics, science and engineering as 

well as many other branches of studies 

(economics, commerce) in which changes 

occur and in which predictions are desirable 

[1]. For example, derivatives appear in 

Physics as velocity and accelerations, in 

Biology as rates of growth of populations, in  

 

 

 

 

 

 

 

 

 

 

Economics as rate of change of cost of 

living, in Finance as rate of growth of 

investments [2].  

 

Definition: A differential equation is an 

equation which contains dependent 

variables, independent variables, and the 

derivatives of the dependent variable with 

respect to one or more independent variables 

[3]. (Usually it is a mathematical model of 

some physical phenomenon.) 

 ���, �, ��, ��, … … �	
 = 0 … . . �1
 
 

Where, �, ��, ��, … … �	 are first, second 

……nth derivatives. 

 

Definition: We say that a differential 

equation is linear if the dependent variable 

and all its derivatives appear only in the first 

degree and also there is no term involving 

the product of the derivatives or any 

derivative and the dependent variable [4]. 

 

For example, equations 
��
�� + ��

� = �� and  

���
��� + ��

�� = � ���� are linear differential 
��
�� + �� = 10 is not linear because of the 

presence of the term . ��
�� [5]. The general 

form of the linear differential equation of the 

first order is 

���
 ��
�� = ���
� + ���
 … … . . �2
 

 

Where, ���
, ���
 and ���
 are continuous 

real valued functions in some interval � ⊆
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�. If ���
 is identically zero, then Eqn.(2) 

reduces to 

 

���
 ��
�� = ���
� … … . . �3
 

 
Eqn. (3) is called a linear homogeneous 

differential equation. When ���
 is not zero, 

Eqn. (2) is called non-homogeneous (or 

inhomogeneous) linear differential equation 

[6]. 

 

On dividing Eqn. (2) by ���
 for ���
  ≠ 0, 

it can be put in the more useful form ��
�� + "��
� = #�$
 … . . �4
 

 
where P and Q are functions of x alone or 

are constants. Consider, for instance, the 

equation 
��
�� = � 

 
It is a linear homogeneous equation. Here 

���
  =  1 and ���
  =  1. Similarly, 
��
�� =

0, 
��
�� = &�� are also linear homogeneous 

equations. 

 

However, 
��
�� = &�� + � is a linear non-

homogeneous equation of order one with ���
  =  1, ���
  = &� and ���
  =  �. 
 
Next consider the differential equation ��
�� = |�|. 
 

You know that|�|  =  � for � ≥ 0 and |�|  =  − � for � <  0. Hence, in order to 

solve this equation, we will have to square it 

and the resultin equation is neither of type 

(1) nor of (2). It is a case of non-linear 

equation. Similarly, | ��
�� |  =  � is a non-

linear equation because of the term ��
�� expressed as an infinite series in powers 

of �). 

 

Definition: The linear differential equation 

with constant coefficients is given by 

 

�	
�	�
��	 + �	+�

�	+��
��	+� + ⋯ . +�-�

= #��
, #��
 ≠ 0 
 

Or d/dx=D, then 

 �	�	� + �	+��	+�� + ⋯ . +�-�= #��
, #��
 ≠ 0 … … . . �5
 

 

Where �-, ��, ��, … . �	 are the constants. 

 

This equation is non-homogeneous, If #��
 = 0, then equation (5) becomes, 

 �	�	� + �	+��	+�� + ⋯ . +�-�= 0 … . . �6
 
 

This equation (6) is called a homogeneous 

equation. 

 

Solution: The solution of equation (5) is 

given by � = �0 + �1, where �0 and �1 are 

called complementary solution and 

particular solution. 

 

In case #��
  = 0 the solution of the 

equation will be y = C.F. 

 

Theorem 1: If � = � ���
 and � =� ���
  …  � = � 	��
  are any n solutions 

of equation �	 �2�
��2 + �	+� �234�

��234 +
⋯ . +�-� = 0 such that every solution can 

be written as � = ��� ���
 + ��� ���
 +⋯ �	� 	��
, � ∈ ��, �
 

 

Where ��, ��, �6, … �	 are constants. 

 

Proof: given  

�	
�	�
��	 + �	+�

�	+��
��	+� + ⋯ . +�-� = 0 

Or  
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 �-�	��
 + ���	+���
 + ⋯ . . �	�= 0 … . �7
 
 

Let �- is any point in the interval ��, �
 and � ���
, � ���
, … . . � 	��
 be the solution of 

above equation satisfying 

 � ���-
 = 1, � �|��-
 = 0, � �||��-
= 0, � ���-
 = 1, � �|��-
= 0, � �||��-
 = 0 
 

To prove that solution set is linearly 

independent, we assume that the solution set 

is linearly dependent. Then, by definition, all 

the constants ��, ��, �6, … �	 are not zero, 

such that. 

 ��� ���
 + ��� ���
 + ⋯ �	� 	��
= 0 89: &��ℎ �∈ ��, �
 … . �8
 

 ��� �|��
 + ��� �|��
 + ⋯ �	� 	|��
= 0 89: &��ℎ �∈ ��, �
 … . . �9
 
 ��� �||��
 + ��� �||��
 + ⋯ �	� 	||��
= 0 89: &��ℎ �∈ ��, �
 … . �10
 
 

Using the above equations, we get, �� =0, �� = 0, �6 = 0, … �	 = 0. Which is a 

contradiction of the fact that all the constants 

are not zero? Hence, our assumption that 

solution sets  � = �� ��
 and � =�� ��
 … … … . � = �	 ��
 are linearly 

dependent is wrong, and so the above set of 

solution is linearly independent. 

 

 

 

Differential Equations of First Order and 

First degree: 

A differential equation of the form 
��
�� =

8��, �
or =�� + >�� = 0 is called first 

order and first degree differential equation 

where = and > are function of � or � and 

both. 
 
Solution of Differential equation: A relation 

between the dependent and independent 

variables involved which satisfies the given 

differential equation is called a solution of 

that equation.  

 

Initial Condition(s) are a condition, or set of 

conditions, on the solution that will allow us 

to determine which solution that we are 

after. Initial conditions (often abbreviated 

i.c.’s when I’m feeling lazy…) are of the 

form, So, in other words, initial conditions 

are values of the solution and/or its 

derivative(s) at specific points. As we will 

see eventually, solutions to “nice enough” 

differential equations are unique and hence 

only one solution will meet the given 

conditions [7]. The number of initial 

conditions that are required for a given 

differential equation will depend upon the 

order of the differential equation as we will 

see. 
 
Initial Value Problem: An Initial Value 

Problem (or IVP) is a differential equation 

along with an appropriate number of initial 

conditions. 
 

II. Properties of the Solution of Linear 

Homogeneous Differential Equation 
In this section we shall discuss certain 

properties enjoyed by linear homogeneous 

differential equation. We start with a very 

important property called superposition 

principle. 

Theorem 2: (Superposition Principle) 

If �� and �� are any two solutions of the 

linear homogeneous 
��
�� + "��
� = 0 i.e.,  

��
�� + "��
"��
 = 0 … . . �11
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then �� + ��   and cy are also solutions of ��
�� + "��
� = 0, where � is a real constant.  

 

Proof : Since �� and �� are both solutions of ��
�� + "��
� = 0, therefore 

����� + "��
�� = 0 … . . �12
 

 

And  ����� + "��
�� = 0 … … . . �13
 

 

Let ℎ��
 = �� + �� 
 �ℎ

�� = ����� + ����� … . . �14
 

 = −"��
�� − "��
�� … … �15
 
 = −"��
��� + ��
 … . . �16
 
 = −"��
ℎ��
 … … . �17
 

 

i.e., 
�ℎ
�� + "��
ℎ��
 = 0 

 

which shows that  ℎ��
 = �� + �� is indeed 

a solution. 

 

Next, multiplying Eqn. (12) by � (a 

constant), we get 

�. ����� + �. "��
. �� = 0 … . . �18
 

 

i.e.,  �����

�� + "��
. ����
 = 0 … . . �19
 

 

which shows that ����
 is also a solution of 

equation of 
��
�� + "��
� = 0. 

Theorem 3 : If � =  ? + �@ is a complex 

valued function defined on �, which satisfies 

Eqn. (3), that is, ���
 ��
�� = ���
���
, then 

the real part ? of � and the imaginary part @ 

of � are dx also solutions of Eqn. (3) on � 

 

Theorem 4 is also true for higher order 

linear homogeneous equations which will be 

discussed in our later blocks and the proof is 

virtually on the same lines. But the theorem 

may fail if we replace Eqn.(3) by an 

arbitrary non-linear equation or a linear non-

homogeneous equation. For instance, 

consider the first order non-linear equation 

 �� ′ = −2�6 … … . �20
 
 

The function ���
  =  ���, � ∈ � is a 

complex valued solution of Eqn. (20), since 

 � ′��
 = 2�� … . . �21
 

 

and ���
� ′��
  =  �2��
 ����
  =  −2�6 
 

The real part of � is the zero function. i.e., ?��
  =  0. But ? is not a solution of Eqn. 

(20) (since 2�6 ≠ 0 for all � ∈ �) . 

 

The following exercise shows that Theorem 

5 may fail in the case of non-homogeneous 

linear equations. 

show that the solution ���
  =  & � +  �& � −�1 + �
 of equation �′ =  � + �, 89: � ∈� =  � does not satisfy the hypothesis of 

Theorem 4. 

 

We shall now be giving another interesting 

result concerning linear homogeneous 

equation ���
 ��
�� = ���
���
 which can 

also be written as 

 �′ = A��
� … . . �22
 
 

Here ��
 = B��

C��
 , is a real valued continuous 

function defined on �. The result which we 

are going to state is a consequence of the 

uniqueness of solutions of initial value 

problem for linear equations. 
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Theorem 5: Let � be a solution of the Eqn. 

(22) on the interval I such that ����
  =  D 

for some �� in �. Then � =  0 on �. 

 

Proof: Consider the initial value problem 

 � ′ = A��
�, … … �23
 
 ����
 = 0 … … �24
  
 

By hypothesis, � is a solution of Eqn. (22). 

But the function E, defined by E��
  =  0 

also satisfies Equation 
��
�� + �� = F&G�. By 

the uniqueness theorem for the initial value 

problem for linear equations, we have E =  � or in other words, ���
  = 0 89: � ∈ 1. This completes the proof. 

Consider, for instance, the following non-

linear differential equation 

 

� ′ = 2H�, � ∈ [0, ∝ ⋯ … . �25
 

 

Let � >  0. We define the function � on [D, ∝ [ by 

 

���
 = L 0            �8 0 ≤ � < �
�� − �
�  �8 � ≤ |� <∝ … . �26
N 

 

Thus, we have 

 � ′��

= O 0 = 2H���
, 0 ≤ |� < � 

2�� − �
 = 2H���
  �8 � ≤ |� <∝ … �27
N 
 

which shows that � satisfies Eqn. (25) for all � >  0. 

 

III. Applications of Linear Differential 

Equations 

Radioactive Decay: 

We have seen that equation which governs 

the radioactive decay of a given radioactive 

material is � ′�P
 = F��P
 … . �28
 

 

Where, ��P
 is the mass of the radioactive 

material at time P and F <  0 is a real 

constant. Eqn. (28) can be used to find the 

half-life of the radioactive material. 

 

In the following example we consider this 

problem in detail. 

 

Example 1: A radioactive substance with a 

mass of 50 gms. was found to have a mass 

of 40 gms. after 30 years. Find its half-life. 

 

Solution: The mass y(t) of the material 

satisfies 

 �
�� ��P
 = F ��P
 … . �29
 

 Q�0
 = 50AR�, ��30
 = 40AR� 
The solution of the first two equations in 

Eqns. (29) can be expressed as ��P
 =  50 &�? �FP
 … �30
 
Using the third equation in Eqn. (30), we 

can write ��30
  =  40 =  50 &�? �30F
, 9: &�? �30 F
  =  4/5, 
 

i.e., F = �
6- ln VW

XY 
 

Thus, the mass ��P
 satisfies 

 

��P
 = 50 exp ] P
30 ln 4

5^ … … �31
 

Let P� be its half-life, i.e., after time P� the 

mass reduces to 50/2 = 25 gms. 

 

Then ��P�
 =  25 … … . �32
 

 

We are required to find P�. Using condition 

(31), Eqn. (32) reduces to 

25 = 50 exp ]P� 
30 ln 4

5^ … … �33
 

 

i.e., P� = 30 Vln V�
�YY / ln VW

XY … . �34
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So after P�years (P� defined by Eqn. (34)), 

the mass of the material will be 25 gms. 

 

Newton's Law of Cooling: 

The temperature of a hot body kept in a 

surrounding of constant temperature To has 

been discussed in Unit 1 and the governing 

equation of the temperature T of the body is 

 _|�P
 =  F�_�P
 − _-
 … . . �35
 
 

We illustrate this by the following example. 

Example 2: A rod of temperature 100°C is 

kept in a surrounding of temperature 2Q°C. 

If the temperature of the rod was found to be 

80°C after 10 minutes, find the temperature _�P
 of the rod. 

 

Solution: We are required to solve 

 �
�` _�P
 = F�_�P
 − 20
 … . . �36
  

 

Let us put ��P
  =  _�P
  −  20. Then � ′�P
  =  _|�P
 and Eqn. (36) reduces to 

 �
�P ��P
 = F ��P
 … . . �37
 

 

Eqn. (30) is not a linear homogeneous 

equation whereas Eqn. (37) is (which 

explains the reason for introducing �). 

Along with Eqn. (37), we have 

 ��
��0
 =  _�0
 −  20 =  100 −  20 =  80°a … . �38
 ��
��10
 =  _�10
 −  20 =  80 −  20 =  60°a … … �39
 
 

The solution of Eqn. (37), with the condition 

32, is ��P
  =  80 &�? �FP
 
With this value of y and condition (65b), we 

have ��10
  =  60 =  80 &�? �F. bD
 
 

or, F = �
�-  �� �6/8
  =  �

�- �� �3/4
 

 

Hence the value of y is determined by 

 

��P
  =  80 &�? � P
10  �� �.75
 
 

 

and the temperature _ is given by 

 

_�P
 = 80 exp c P
10  �� �. 75
d + 20 … . �40
 

 

IV. CONCLUSION 

In this paper, Linear Differential Equations 

and its Properties of the Solution with 

Applications is explained. Differential 

equations are core mathematical tools for 

describing continuous changes in natural 

phenomena and are widely applied in fields 

such as mechanics, electromagnetism, 

thermodynamics, and fluid dynamics. This 

study focuses on the basic characteristics of 

Linear differential equations, Properties of 

the Solution of Linear Homogeneous 

Differential Equation and Applications of 

Linear Differential Equation. Finally, the 

study looks forward to the development 

direction of differential equations in future, 

aiming to provide theoretical references and 

practical guidance for related studies. 
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